The loop homology of a closed orientable manifold M of dimension d is the ordinary homology of the free loop space M 
Let M be a simply connected closed oriented d-dimensional manifold. In ( [4] ), Chas and Sullivan have constructed a product on the desuspension, H r (M S 1 ) = H r+d (M S 1 ), of the ordinary homology of the free loop space on M . The product, called loop product, is defined using the intersection product on the chains on M . More precisely, denote by q : M S 1 → M the evaluation at the basis point, and let σ : ∆ n → M S 1 and τ : ∆ m → M S 1 be singular chains such that q•σ and q•τ are transverse, then at each point (s, t) ∈ ∆ n ×∆ m where q • σ(s) = q • τ (t), the composition of the loops σ(s) and τ (t) can be defined. This defines a chain σ · τ ∈ C n+m−d (M S 1 ). This construction defines a commutative and associative multiplication
, [4] .
Let m 0 be a base point of M and ΩM be the space of based loops at m 0 . The loop product with the 0-cycle ∆ 0 → M S 1 consisting of the constant loop of length zero at m 0 defines a morphism, called the intersection morphism,
The morphism I is multiplicative with respect to the loop product on M S 1 and the Pontryagin product on ΩM . In ( [4] ) Chas and Sullivan proves that I is surjective for a Lie group G, and in ( [6] ), Cohen, Jones and Yan compute the algebra H * (M S 1 ) and the morphism I when M is a sphere or a projective space.
In this paper we produce a very simple model for computing H * (M S 1 ) and we establish general properties concerning the intersection morphism I. When lk = Q, our result is more precise.
Theorem II. Let M be a simply connected closed oriented manifold. An element x ∈ π q (M ) is called a Gottlieb element ( [13] ), if the map x∨id M : S q ∨M → M extends to the product S q × M . The subgroup generated by the Gottlieb elements is denoted by G * (M ), and the subgroup of π * (ΩM ) corresponding to G * (M ) by the adjunction π * (ΩM ) ∼ = π * +1 (M ) is denoted byḠ * (M ).
The nilpotency index of the kernel of I : H * (M S
Theorem II shows that the image of I is in general very small comparatively to the expected growth of H * (M S 1 ). Theorems I and II are derived from the construction of a model for the morphism I. To construct this model, we first replace C * (M ) by a finite dimensional connected graded algebra (A, d), linked to C * (M ) by a sequence of quasi-
Denote by ε : A → lk the augmentation of A and writeĀ = Ker ε. The Cobar construction, (ΩA ∨ , d), on the dual coalgebra, A ∨ = Hom(A, lk), is a differential graded algebra of the form,
with W ∼ = Hom(sĀ, lk). We denote by {e i } i a basis ofĀ, and by {w i } i a dual basis of W chosen such that,
With these data, we define the differential graded algebra (A⊗ΩA ∨ , D). The multiplication is the usual one and the differential D is defined by
Remark that the differential D on A ⊗ Ω(A ∨ ) is a perturbation of the product differential.
Theorem III.
(a) With the above notations, the chain algebra H * (A ⊗ ΩA ∨ , D) is isomorphic to the Chas-Sullivan algebra H * (M S 1 ).
(b) There is a commutative diagram of algebras
The starting point of our construction is the Jones isomorphism between the free loop space homology and the Hochschild cohomology of C * (M ), [17] , [5] .
Let (A, d) be a differential graded augmented cochain algebra on the field lk, A = lk⊕A, and (M, d) be a differential graded A-bimodule. The two-sided bar constructions,
is defined as follows. A generic element is written m[a 1 |a 2 |...|a k ]n with degree |m|
Recall that IB(A) = IB(lk; A; lk) = T (sĀ) , with
For any differential graded algebra A, let A op be the opposite graded algebra, a · op b = (−1) |a|.|b| b · a, and A e = A ⊗ A op be the enveloping algebra.
The Hochschild chain complex C * (A; M ) (resp. the Hochschild cochain complex C * (A; M )) of A with coefficients in M is the chain (resp. cochain) complex ( [12] , [18] , [3] )
More precisely, and in opposition with the standard convention on upper and lower degrees, we have
The Hochschild homology (resp. cohomology) of A with coefficients in M is then:
It results from the above definitions and from the universal coefficients formula that:
where A ∨ is an A-bimodule via the standard action:
Hochschild cohomology and Loop product
Let X be a simply connected finite type CW complex and C * (X) (resp. C * (X)) the normalized singular chain coalgebra (resp. cochain algebra) on X with coefficients in the field lk. The C * (X)-bimodule structures on C * (X) and C * (X) ∨ are defined by:
where ∆ : C * (X) → C * (X) ⊗ C * (X) is the usual Alexander-Whitney approximation and ∪ the cup product. We have clearly,
Remark. To make easier the degree conventions, the reader can write C n (X) = (C * (X)) −n for the singular chain complex C * (X).
We restrict now to the case X = M is a simply-connected closed oriented d-dimensional manifold. The cap product with the fundamental cycle, C * (M ) → C d− * (M ), is a well defined map, but unfortunately not a map of C * (M )-bimodules. To avoid this difficulty we use a semifree C * (M ) ⊗ C * (M ) op -resolution m : B → C * (M ) in the sense of ( [11] , Chapter 6), and we construct a quasi-isomorphisms γ : B → C * (M ) ∨ .
Theorem 1.
Suppose that M is a simply connected closed oriented manifold, then there is a sequence of quasi-isomorphisms of C * (M )-bimodules.
such that the composite
is the Poincaré duality isomorphism.
is a semifree resolution of C * (M ), and the map γ : B → C * (M ) ∨ comes from Lemma 2.
Lemma 2. Let X be a simply-connected space and let u ∈ C * (X) ∨ be a cycle, then there exists a morphism of
where i(α) = [ ] ⊗ α, and q denotes the evaluation at the base point.
Consider now the canonical isomorphism of differential graded vector spaces
By this isomorphism the morphism u • ρ corresponds to a morphism of C * (X)-bimodules.
Remark. Since m is a semifree resolution of C * (X), γ u lifts to a map of C * (X) bimodules γ u : B → C * (X) such that the following diagram commutes up to homotopy ( [11] , Proposition 6.6)
The morphism γ u encodes homotopies and higher order homotopies between the left and the right action of C * (X) on C * (X).
Proof of Theorem 1. Let a ∈ C * (M ) denote a cycle representing the fundamental class in homology, and denote γ = γ a (Lemma 2). We consider the following diagram
In this diagram the morphisms i, m and cap a are respectively defined by
The linear homomorphisms H * (m), H * (λ) and H * (i) are clearly isomorphisms, while
Since the Hochschild cohomology transforms quasi-isomorphisms of differential graded bimodules into isomorphisms, we obtain:
Recall now the Jones isomorphism ( [17] ) already mentioned in the proof of Lemma 2. A continuous map σ :
Here the standard simplex ∆ k is parametrized as
For each n-shuffle τ = ((i 1 , . . . , i n ), (j 1 , . . . , j k )) of the set {1, 2, . . . , n + k}, we have a map P τ : ∆ n+k → ∆ n × ∆ k defined by
The chain τ ε τ σ k • P τ ∈ C n+k (∆ n × ∆ k ) is denoted by EZ(σ k ) (ε τ being the sign of the permutation). Now for p + q = m we have an Alexander-Whitney maps i p,q :
Note that the images of the maps i p,q induce a decomposition of ∆ n into smaller pieces. We define by induction
The Jones quasi-isomorphism
with n 0 = n + r − r i=1 n i . The map J commutes with the differential ( [17] ) and induces in homology an isomorphism
3 The intersection morphism I :
In [4] , Chas and Sullivan define the intersection map I : H * (M S 1 ) → H * (ΩM ) by associating to an n-cycle in M S 1 its intersection with the based loop space viewed as a codimension d-submanifold. They prove that I transforms the loop product into the loop space multiplication. A slightly simplified exposition of the intersection morphism works as follows. Fix a Riemannian metric on M , choose a geodesic disc D d around the base point m 0 and consider the map
where γ x denotes the geodesic ray from m 0 to x, and * denotes the composition of paths. Let us denote by E the subspace M S 1 \ΩM and by α : C * (M S 1 ) → C * (M S 1 , E) the canonical projection associated to the inclusion ΩM ֒→ M S 1 . Now consider the commutative diagram of complexes
where EZ means the Eilenberg-Zilber map, and where ψ is defined as a quotient map. The map induced by ψ in homology is an isomorphism of algebras, and the intersection morphism I is by construction the composite
The purpose of this section is to describe I in terms of Hochschild cohomology. 
Proof. Recall from the introduction that Y = M \{m 0 } and E → Y is the pullback of the fibration q : M S 1 → M along the injection j : Y ֒→ M . The naturality of the Jones morphism leads to a commutative diagram of short exact sequences of complexes
Since J Y and J M are quasi-isomorphisms, the quotient map J M,Y is also a quasi-isomorphism. We obtain therefore the following commutative diagram
with θ = H(J) and θ M,J = H(J M,Y ). The loop product on M S 1 preserves the subspace E and induces a product on (M S 1 , E), making the morphism H * (q) : H * (M S 1 ) → H * (M S 1 , E) into a morphism of algebras, and
Denote by f : (T (V ), d) → C * (M ) be a quasi-isomorphism with V = V ≥2 . Then γ and m, as defined in the proof of Theorem 1, yield obvious morphisms, also denoted by γ and m m :
We then have a commutative diagram of (T (V ), d)-bimodules
where π 1 and π 2 are natural projections,λ is the quotient map of λ, and ρ is a natural quasi-isomorphism. From diagram (*), we deduce the following commutative diagram. 
(T (V ), d) is a differential graded algebra, f is a quasi-isomorphism of differential graded algebras, and d(V ) ⊂ T ≥2 (V ). The differential graded algebra (T (V ), d)
is uniquely defined by the above properties. Moreover,
, is acyclic and the quotient A = T (V )/J is a finite dimensional graded differential algebra.
The Gerstenhaber product on C * (A, A) = Hom(IB(A), A) is defined by
Since A is finite dimensional, we have an isomorphism of differential graded algebras 
−→ (Hom(IB(A), A), D) .
As an algebra A ⊗ Hom(IB(A), lk) is a product of algebras , [12] . The differential on A ⊗ Hom(IB(A), lk) is induced via the isomorphism from the differential on the complex (Hom (IB(A), A) , D).
Denote by ε : A → lk the canonical augmentation and writeĀ = Ker ε. The Cobar construction, (ΩA ∨ , d), on the coalgebra A ∨ = Hom(A, lk) is a differential graded algebra of the form,
with W ∼ = Hom(sĀ, lk).
The finite dimensional hypothesis on A is very important because it also implies that the dual of the Bar construction on A is isomorphhic to the Cobar construction on the dual of A, i.e., ΩA ∨ = Hom(IBA, lk). For recall the Cobar construction ΩC on a differential graded coalgebra C = lk ⊕C is the differential graded algebra (T (s −1 C), d), where d = d 1 + d 2 is the unique derivation determined by
where the reduced diagonal is defined by∆c = i c i ⊗ c ′ i . For sake of simplicity we denote
The Cobar construction on the coalgebra A ∨ = Hom(A, k) is an algebra of the form (T (W ), d) with W ∼ = Hom(sĀ, lk). We choose a basis e i for A, and a dual basis w i for W , with,
We introduce the constants of structure α k ij and ρ j i , 
Lemma 3. The differential D on the complex A ⊗ T (W ) is defined by
Theorem 5. With the above notation,
H * (A ⊗ T (W ), D) is isomorphic as an algebra to H * (M S 1 ).

we have a commutative diagram of algebras
Proof.
(1) is a direct consequence of Theorem 3. For (2) recall that Hochschild cohomology HH * (A, M ) is covariant in M and contravariant in A. Moreover, if f : A → B is a quasiisomorphism of differential graded algebras and g : M → M ′ is a quasi-isomorphism of A-bimodules, we have isomorphims
Starting with Theorem 4, we obtain the following commutative diagram
Remark. If a ∈ A r and b ∈ T (W ) s , then the degree of a ⊗ b is s − r, and (A ⊗ T (W ), D) is a chain complex.
The next Theorem is very useful for explicit computations.
Theorem 6.
There is a spectral sequence of graded algebras E p,q r such that
Proof. The spectral sequence is obtained by filtering the complex (Hom (IB(A), A), D)
by the differential ideals Hom (IB ≤p (A), A). Since H * (A) = H * (M ), it follows that
and
Remark. In the case M is a formal space which means that C * (M ) is quasi-isomorphic to H * (M , (for instance a simply connected compact Kähler manifold for lk = Q, [8] ), one can choose A = H * (M ) and thus the algebras HH * (H * (M ), H * (M )) and H * (M S 1 ) are isomorphic.
The commutative case.
We suppose here that the algebra C * (M ) is connected by a sequence of quasi-isomorphisms to a commutative differential graded algebra (A, d) . This is the case in characteristic zero, and when lk is a field of characteristic p > d ( [2] , Proposition 8.7).
We can also suppose that A is finite dimensional, A 0 = lk, A 1 = 0, A >d = 0 and A d = lkω. Note first that the formulas of Theorem 5 simplify as
The duality map HH * (A, A) → HH * (A, A ∨ ) is also easier to define because the morphism f :
is given by the morphism
defined by ρ(1) = ω.
Proof. The proof follows from the naturality of the Jones morphism J and the commutativity of the following diagram built from the choice of f .
The kernel and the image of I If J is a nilpotent ideal of an algebra A, we define
Theorem 7. The kernel of the intersection map I is nilpotent and Nil (Ker
Proof. By Theorem 5 (2), the kernel of I is formed by cycles in A + ⊗ T (W ). Since A 1 = 0 and A >d = 0, the nilpotency of the kernel of I is less than or equal to d/2.
Theorem 8. The image of I is contained in the center of H * (ΩM ).
Proof. Let e i and w i as in the beginning of section 4. By Theorem 5 (2), the image of I is formed by the classes of the cycles α in T (W ) for which there exist elements α i in T (W ) such that the elementᾱ = 1 ⊗ α + i e i ⊗ α i is a cycle in A ⊗ T (W ). A short calculation shows that the component of e i in d(ᾱ) is (−1)
By Lemma 4 below there is a surjective morphism in homology
Lemma 4. Let α be a cycle in (T (W ), d) and let u be a variable in the same degree. 
There is a surjective quasi-isomorphism
ϕ : (T (w i , u, w ′ i ), D) → (T (W ), d) ⊗ (k[u], 0) , |w ′ i | = |u| + |w i | + 1 , such that ϕ(u) = u,D(w ′ i ) = [w i , u] − j β j i w ′ j − j,k a j,k i (−1) |u||w k | w ′ j w k − j,k a kj i (−1) |w k | w k w ′ j .
There is a morphism of differential graded algebras ρ : (T (w
Proof. We define D(w ′ i ) by the above formula. Proving that D 2 = 0 is an easy and standard computation. The map
defined by ϕ(w i ) = w i , ϕ(u) = u and ϕ(w ′ i ) = 0 is a surjective morphism of differential graded algebras. To prove that ϕ is a quasi-isomorphism, we filter each differential graded algebra by putting u in filtration degree 0 and the other variable in filtration degree one. We are then reduced to prove that
is a quasi-isomorphism. Denote by K the kernel ofφ and consider the short exact sequence of complexes
where E is the linear span of the elements 1, sw i , su and sw ′ i , and where D is defined by 
By construction, (T (w
Proof. It is well known that in characteristic zero, U L decomposes into a direct sum
where the Γ k (L) are sub-vector spaces that are stable for the adjoint representation of
and Γ n (L) is the sub-vector space generated by the sums
The coproduct ∆ of U L is compatible with the decomposition, i.e.
where Sh p denotes the set of p-shuffles of the set {1, 2, . . . , n}. This implies that the composition
is the multiplication by n p . We then consider the composite
is stable by adjunction, each α i is in the center of U L. Therefore we can suppose that α ∈ Γ n (L).
We write c(α)
is the multiplication by n!, the element α belongs to the Lie algebra generated by the x i j . We can suppose that in the decomposition of c(α) the number of terms is minimal. This implies that for each r, 1 ≤ r ≤ n, the elements
We order the elements x i k by the degree.
The elements x i k with maximal degree belong to Z(L). The above equation shows also that [x i k , x] belongs to the vector space generated by the elements x i k with higher degree. A decreasing induction shows that all the x i k belong to R(L).
Theorem 10. Let M be a simply connected closed manifold. Then,
The Lie algebra L M is a Quillen model for M ( [21] ), ([11] , chapter 24) and L 1 M is a Quillen model for M × S n with n = |u| + 1, [22] .
Moreover there exists a bijection between homotopy classes of maps ( [21] )
). This means exactly that
This proves part (2) of the Theorem.
Examples and applications
Exemple 1: The spheres The loop homology of spheres has been computed by Cohen, Jones and Yan using a spectral sequence similar to those of Theorem 6. Our model leads to a direct computation of the loop homology and the intersection morphism I.
Since the differential graded algebra C * (S n ) is quasi-isomorphic to (H * (S n ), 0) = (∧u/u 2 , 0), |u| = n, by Theorem 5, H * ((S n ) S 1 ) is isomorphic as an algebra to
When n is odd, D = 0, and
. Therefore a set of generators of H * ((S n ) S 1 ) is given by the elements c = 1 ⊗ v 2 , b = u ⊗ v , a = u ⊗ 1 and,
The morphism I : H * ((S n ) S 1 ) → H * (ΩS n ) = T (v) is given by: I(c) = v 2 , I(a) = I(b) = 0.
Example 2: Where I is the trivial map Let M be the connected sum M = (S 3 × S 3 × S 3 )#(S 3 × S 3 × S 3 ). The wedge N = (S 3 × S 3 × S 3 ) ∨ (S 3 × S 3 × S 3 ) is obtained by attaching a 9-dimensional cell to M along the homotopy class determined by the collar between the two components of M . Recall that π * (ΩN ) ⊗ Q ∼ = Ab(a, b, c) Ab(e, f, g) ,
where Ab(u, v, w) means the abelian Lie algebra generated by u, v and w considered in degree 2. The inclusion i : M → N induces a surjective map π * (ΩM ) ⊗ Q → π * (ΩN ) ⊗ Q, This means that the attachment of the cell is inert in the sense of [16] . Therefore, ( [16] ),
with |x| = 7. In particular R(L) is zero, and by Theorems 8 and 9, the morphism I is trivial. is a rational homotopy equivalence thats shows that M has the rational homotopy type of a product of odd dimensional spheres. 
